It is shown that the corona algebra M (A) ¡A of a separable simple C*-algebra A is simple if and only if A has a continuous scale or A is elementary. It is also shown that simple C*-algebras with continuous scales are algebraically simple.
Introduction and preliminaries
Let A be a C*-algebra and A** the enveloping von Neumann algebra of A . The multiplier algebra M (A) is the idéaliser of A in A**. We denote by K the C*-algebra of all compact operators on an infinite-dimensional separable Hilbert space 77 and by 5(77) the C*-algebra of all bounded operators on 77. It is well known that M(K) = 5(77) and M(K)/K is simple. It is natural to ask when the corona algebra M (A)/A is simple. Zhang [17] and Rordam [16] showed that if A is stable then the simplicity of the corona algebra of A implies the simplicity of A . The ideal structure of M(A)/A for a simple Calgebra has been studied in [8, 9, [11] [12] [13] . In this paper we shall show that if A is a separable simple C* -algebra then the corona algebra is simple if and only if either A has a continuous scale or A is elementary. (We say A is elementary if A = K or A = Mn, the n x n matrices over C.) We also show that if A has a continuous scale then A is algebraically simple. In other words, the simplicity of corona algebra of A implies the algebraic simplicity of A . (But the converse is not true.)
Let A be a C*-algebra, a and b he in A . Following [5] [6] [7] , we write a ~ b if there are x, y in A, the C* -algebra obtained from A by adjoining a unit, such that a = xby. We write a < b if there is a sequence {xn} in A such that xn ~ b and xn -> a in norm. We write a « b if a ~ b and b ~ a, and a ~ b if a < b and b < a . One has x ~ x*x ~ x*. If a and b are positive, then a < b if and only if there is a sequence {rk} in A such that rkbrk -> a .
Moreover, if 0 < a < b, then a < b . For the details of the relations "~" and "< ," readers are referred to [5] [6] [7] .
Further, we define a relation < on A+ by a < b if there is x e A such that a = x*x and xx* e Her(b), where Her(è) is the hereditary C*-subalgebra generated by b. If a, b e A , a < b, then a < b. On the other hand if a~b, then a < b by the proof of [5, Lemma 1.7] .
For each e > 0 define a continuous function /£:I+-»R+ by !0, t < e; e~x(t-e), e<t<2e;
1, t > 2e.
When a is a positive element in A , we shall denote by [a] the range projection of a in the enveloping von Neumann algebra A**. Suppose that A is er-unital (and nonunital), and let e be a strictly positive element of A. By choosing a proper sequence of continuous functions hn , we can construct an approximate identity {en} (en = hn(e)) for A satisfying:
(i) Sn = en-en_x (eQ = 0), gmgn = 0 if \m -n\ > 2 , and \\gn\\ = 1.
(ii) There are ane A+, \\aj = 1 such that 0 < an < [an] < gn, angn = Snan = an and anSm = gma" = 0 if n ¿ m .
Any subsequence {en } of {en} is also an approximate identity satisfying (i) and (ii). We assume that any approximate identity appearing in this paper satisfies conditions (i) and (ii).
We shall denote by P(A) the Pedersen ideal of A . We say that x is orthogonal to y and write x Ay if xy = yx = x*y = yx* = 0. Definition 2.5. Let A be a a-unital, nonunital, and nonelementary simple C*-algebra and {en} be an approximate identity for A. We say that A has a continuous scale if for any x e A+ with ||x|| ^ 0, there is «0 for any w > We also use the convention that unital simple C* -algebras have continuous scales. It should be noted that the property of having continuous scale does not depend on the approximate identity {en} if A is separable (see 2.10).
2.6. Example. Let A he a separable simple AF C*-algebra, p a nonzero projection in A and S be the set of traces t on A such that r(p) = 1 . Then S is a (weak*-) compact convex set. It is easy to verify that A has a continuous scale if and only if 1(t) = t(1) is continuous on S, where t(1) = limsup(i(ei!)) and {en} is an approximate identity consisting of projections. Therefore Definition 2.5 coincides with the definition in [11] or in [10] . In fact this is why we use the term "continuous scale." 2.7. Example. A simple C*-algebra A is called purely infinite if for any two nonzero elements a and b in P(A), a < b (see [13] and [14] ). It is clear that every a -unital purely infinite simple C* -algebra has a continuous scale. We show in [13] (see also [12, 19, 14, 15] ) that the corona algebra M(A)¡A of every <r-unital purely infinite C* -algebra is simple. 
Algebraic simplicity
In this section we will give more information about simple C*-algebras with continuous scales. 3.2. Let A be a simple C*-algebra, a € F(^4) . We say that a is infinite, if there are b, c e F(^)+ , a> b + c, b Ac, b # 0, c^O such that ¿> > è + c. An element a in P(A)+ is said to be finite if it is not infinite. For nonpositive element a in P(A), a is said to be infinite (finite) if a*a is infinite (finite). In [14] we show that A is purely infinite if and only if every element in P(A) is infinite. Theorem 3.3. If A isa a-unital simple C*-algebra with a continuous scale, then A is algebraically simple.
Proof. We may assume that A is nonunital. Suppose that a is a strictly positive element of A, and {dn} is a sequence of decreasing positive numbers such that dn -► 0, and {e = f, (a)} forms an approximate identity. Suppose Remark 3.5. The converse of 3.4 is not true in general. Suppose that A is a separable ^FC*-algebra. B. Blackadar showed in [2] that A is algebraically simple if and only if A has a bounded scale ( 1(t) = t(1) is bounded on S, see [11, 1] ). It is clear that 1(t) is bounded does not imply 1(t) is continuous.
3.6. In 2.7, we show that every purely infinite simple C*-algebra has a continuous scale. The following theorem shows that for stable C*-algebras the converse is also true. for some k . By 3.2, since for every element y £ Her(¿), y < b, every element in Her(è) is finite. Put q = Yl^kP ® ea '> ^en q e 71/(^4) and qAq is stable.
Moreover qAq = Her(è). So A (= A® K = Her(è)) has no infinite element, a contradiction. Therefore every element in P(A) is infinite, so A is purely infinite (see [14] ).
The following is a slight improvement of Theorem 3.2 in [16] . Therefore M (A)/A is not simple. Thus A is not semifinite. It follows from [3] that A contains a nonzero projection p . By [4] , pAp®K = A&K = A . So we may assume that B has a unital. Therefore Theorem 3.1 in [16] applies. Remark 3.9. If we assume that A is separable, then 3.8 follows from 3.7 and from 2.9.
